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& BSTRACT

This work adresses the application of 1igi-al optimum

control theory to a bank-to-turn missile.

A optimal guidance law has beea developed and tested in

ssv-ral scenarios, using a 2-D m.d-l. Effects cf samplg?

rate, pitch angle, gravity and appr3ximations fo: small and

large roll excursions are discussed.
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1. INTRODUCTI39

Because of threats from highly mansuvarabnle high

performance aircrafts and the need for Increase standof f

ranges, major improvements are a9919d in 4u"dancs an d
control capabilities of missiles.

The high maneuverability of targets, has la-1 to defense

missiles capable of develop higher lift acceleratiors and to

more complex control laws, able to improve P'4rformance over:

well know laws as proportional navegani -on.

VIn order to accomplish these new zequirezmsr.nts with largs

*standoff ranges, propulsi-on systems asing airbreathing

engines has been studied and developai in recent years.

The advent of air-breathi.ng engines leadS natzural to a

con siderati.6on of bank-to-turn. missiles in orde-r to min-m-z

the angle of -attack of the inlets.

The necassity of more complex cntr ol laws, laads In a

genaral way, to the application or -modern control and zszi-
mation theory, since more complmte informations cf the

*statses of missile and target arq nazassazy than thl-ose s-tates

informed by sensors commonly In use --a mlssilss today. This

leads to the use of a airborne computear.

The present work adreasss the dasign and evalua-ion of a

cp-' mal digital cont rcl for application to terminal guidance

ia hank-tc-turn missiles.

one ccntiauous two dimensional nodal was adopted, in the

following form:

X (t)= A (t) x (t)+ B (t) u (t)4 E g(1)

-- N



where the effect of gravity appears explicitly in the th r-

term on the righ hand side of axpression 1.1.

After the development of a equivalent discret s model,

the optimal control problem has been solved,using a mod.ified

Ricatti equation due to the existence of the third term

representing to the gravity effect.

Next, several analysis has been made in o:der to check

the effects of small and large roll excursions, the effect

of the sample rate on the system, and the .ffect of the

initial pitch angle, in order to check the validity of such

two dimensional model, when applied in some scenarios of

in te r st.

12



II. MODEL OF THE SYSTEM

A. INTRODUCTION

In -he present work the problem of terminal guidance for

long range, bank-to-turn missiles irith ramjet engines,using

a digitalized system has been investigated.

The modsl developed in reference 1 is used as the base

for this work. After the digitalization of that model, aa

optimal control law was developed.

B. ASSURPTIONS

Keeping the same assumptions as in ref.1,on= has:

The missil is limited to -2g's and +15 g's of ccmmanded

acceleration in the pitch plane,with ziro lag.Also its yaw

auto pilot has zero lag, yaw ra-ulator maintains zero

siieslip.

Missile thrust exactly cancels Irag.

The angle of attack is assumed to be very small,which

leads to the ccmmanded 3cel!:ration acting normal tc the

velocity vector.

The missile w'il not have -o roll through a large

angle. (Furthet consid.ra-i3ns will ive -o this at the end

of the? derivation of the control lawl

C. THE CONTINUOUS MODEL

Using the same refe-en-e frames is in ref.1,one assumes:

-Bcdy frame with xb axis parallel tc --he longitudinal

missile axis, positive Yb axis out of the le-ft wing ,and
positive Zb axis upward. (see fig.2.1)

13

• ° " " "i"°s". "•
° •

° . . . . " - -. 
"

" b - %



-Fligth path axis with xF axis parallel to the velocity

- vector,positive z, axis pointing upwards and y, a xiF

pointing to the left.(see fig. 2.21

In fig 2.1 and 2.2, the angles and 6 are the Eulerian

roll and pitch angles.

The state vector is given as

[, &ty zi, -. At z A~ (2.1)

where y, and z, are the zomponents of the relative target

p..' position, y, and i, are the relativ- target veloc'ty,Rty and

Atz are the components of target aczelera-ion,which is expo-

nentially decaying with a time constan: .

-(2.2)

where is thz- initial roll angle (at t=0).

The control vector is given as:

.Ac Pc (2.3)

where Ac is the commanded acceleration an'd Pc is the

commanded roll rate.

The nonlinear plant equation is

" '" f ( X , u ) ,(2 .4 )

14
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or

0

A ty i- Ac,51 0 (2.5)

-Aty1 -A

0

-A 0

wha~e g is gzavity's accal1-rati'on i 46is : pitch angle
as seen in fig.2.2

Linsarizing and setting

G E g (2.6)

one has

0 0

-Ayls0 0
X: *+ 0 (2.7)

0 0

L0 0 0

0 where

15
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E 0 0 0 0 -ccs 9 0 0 (2.3)

in eqn. 2.7,we have set

CosJ = cos(,o +4,) =c3$A cos46-s nA sin A6

s -;n )6 = s in(~ +,) =si-n j6 co s A co sj6 s in d#

and expanded in A6 which is considered small.
Now assuming that A,which is actually the desirsd

con-tel Ac, can be expressed in the form of:

.°

= .co 1- (2.9)

with Aco = Ac at t=O, one has

A B u E g (2.10)

whire

0 / 0 0 0 0 0 (2. 11)

0 0 / 0 0 Aco 1-lco./

4-0 0'/ 0 0 0 0

A= 0 0 0 o / 0 0

0 0 0 0 0 / Aco[I" ]'%0o

000 0 / 0

0 0 0 0 0

16



(2.12)

' o O

o oJ: 4 0
o 0

00

E=J0 , 0 -cos.8 0 O(2.13)

g =g (2. 1)

A D. THE DISCRETE MODEL

1 . Introduction

Wi- the in-rc ducticn cf . digital computer to

control the continuous-time system,:).a. has to have some kind

of interface in order to takei ca:r of the communication

between the discrete and ccntinai)us--ime systems.In this

case it will ba considered, A-to-D and D-:o-A convsrt&s as

samplers and zz.ro-ordqr holders as in referenc_ 2.

In such case, considering -a. syst.m:

(it) A(t) x(t) + B(t(t) t) + E(t ; (t) (2. 15)

* 17
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one can write the state of the system it -z mp (k+1) a

x ,(t Vt, 't xlt )+ (t., d ul(% (2.16)

10 I k I t

tee

where (t,to) is the transiction matrix of the systam repre-

sented by eqn. 2.13.

Furthermore, we will considered that -he sampling

instants are equally spaced, or:

- t = (2.17)

=kT r (2. 18)

so one can replace
t = kT

thus,

x(kT+T)= 6(kT+r) x(kT) (2.19)

ITsr,?

+ (k+T, 1 ) (I dj a(kr)

A7

&7#r

+ ,7)IrT I)E I d g(-

or in a simplified no-azion:

18



x(k+1): Ad(k) x k) * Ba(k) u(k) (2 2)

+ Ed(k) g(k)

• .- [-.-where,

A4 (k) (kr+T,kT) (2.21)

B4 (k)= (kT+T,q) B(I ) dl (2. 22)

kT

, .:" ... ''."Ed (k)~ lkT+I!,l B(i] di (2.23)
2'..

2. Calculation of the Mazrices A(k), B((t) nd E(k)

It is straightforward to show, using the sparseness

of -he matrix A(t), that the -_-ansiction ma:rix of equation

2-19 is :

r T A., 0 0 0 Ad,, (2. 24)
0 Ad,., A d 0 Ad,.,

0 0e 0 000
,zkr ") = 0 0 0 r " A. A4 7

0 0 0 0 / A As,

0 0 0 /o
0 0 0 0 0

19
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Where4:

Ad =Ad = T - 2 (-"

Ad Ad e (14

V For the calculation of the others terms )re may make

use of the property of the transiction matrix that:

it) A(t ) Ad(t 2 ,
dtl2

so,

dAd (kT#T, ti) = A (kT.T) Ad (kT+T, k31

d (kT + T)

For A (2,7):

d Ai,.,(kTrTk-T) =A,,., (kT+T) =Aco 1is- cs'

kr4.r

d (kT4. T) T

Aj Aco c~s 1 [i + .7T.-j d(kT+T)

L .r Ao cs L T- 17 7J- Tz

For A (1,7)

dA, Ad~r (kTT,)T

d(lcT-T)

Ad (kT.T, kT) EfAd I (kT+T")

20



Ad T2[ 2[Ti T3 cC

Doing the same process for Ad(5,7) and Ai(U,7) ons
S',has:

"~Ad< = Aco sin T2- TJ A3
4.7 r 2r; I 21

iAos iT-i -iTT

A ~ ~ =LcinT-I A "1 T J

For the derivation of the ma-.rix Bd (k) one needs

according to eqn. 2-22

.(kT+T) B A (kT+r, B

where,

IA 44,A 9  00 0 A

0/ A,, 0 0 O Al.
0 0 Aqa 0 0 0 0

Ad (kT.T, 1 ) 0 0 0 / A,4,1 A
0 0 0 0 A I= Aq.,
000 0 / 4

0 0 0 0 0 0

where A, repr.sents Aj(kT+.,i ), and

" o 0
o 0
o 0

0 0

O0

21
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thu s

" ,, Si # 0 F", ~~si A~ 'T' (,

0 0
"..A / . 4, A 4 A 4.1

"Cos A

o 0
.o 0

wh e r e

kT+T- = 1

-~ 2

., ~= *- -- + Ti Aco cos.0
"-' 2. T

-- :,'-Alloyr IT (kZ+T) - T; ] ( kr +r ' V" -r
*i, .~

T Al+ T2  Az cos

A,:[7 T(k ] r) (k T) T2  -

-- ] j Az sn
Z Ti

'-'--... = (r, T)'_t
Anj,= kT+r- (A 1 co sin

SE..:.[_2 7i 2 Ti

K- and for Bd (k)

% 22*o i " **



8 d~a Bd(2. 25)

o 0

B'a b4.1

o0

where

Bd =I(k'~T-l!7) dl~ sIn# s:.na

kTT

3d ).R A 147' d

'iCs

which after same algebric work has been found

F T' (kr) (IC.T Tr
B (k) [ ~ JiimACC. Co

* and

%I (k) Al t di

whi ch can be found 'to ba:

23
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B j (k)1 T41 Aco cos

thus

Bd (k)= T 2Tco si

r T2 (cT T) 3  (ICTT) (K
- k kT Aco sin

B 2. 3T 2.; T A

In the same way:

0
0
0

P(Ykr,y) E&t7)) -Tcas 8

0
0

thus E (k) i-s egual to

E [0 0 3 0 -- o -r =03 0 3]
- L 2

whe~e we have considered e9 as a zonstaat aagle. (Further

commen-ts cn this after development of :ha control law).

*NotiAce that througout thi4s wo=.k ,th ccm&a nid
acciler-at-or. has been considered an anknown and the assump-

tion has been made that it ; wil be in the ' ormu of eqn.2.9.

One- will need in further developments t-: considar the
conzrol Ac as a known Ac(k) ,which will be a cons-an- be-cwen

kA" and kT.T. With such assumptions, th-2icee ersn

tation of the systam Is sasily found :obe

24
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-,. -7...

x (k+) A(k) r(k) + B(k) u(k)+ B 9 (2.26)

where

I T Ad 0 0 0 Ad1, (2.27)

o / , 5 0 0 0 Ad..r

0 0 T/G 0 0 0 0

Ad~ 0 0 0 f r Aj L&A Jq

0 0 0 o (Aa Ad,

0000 0
2-_ 0 0 0 0 0 c"+

000 0 0 0

."it "i

Ad Z, T- 2 (1-e Ad

Ad,= 5(- 4) = Ad

= Ac COS4

Ad - AC si.$i;."A. 8 d,= Z~ l

;z' Ad,= T Ac sin A

f.--.

".'. 25
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and

T3o COS

2

,'-0 0Bd(A-): _ZCS TI Ac inA

T-Cos A. sin,

.. '.' "an d

oC 0

o

0

I , T °

.0;-

0'"

* . . .-.-.-.~~**** ~ .
'o *. . . . - .." o* - - ~ A
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III. THE OPTIMAL COTROLglE

A. DERIVATION OF rHE OPTIMAL CONTROLLER

In order to have a suitable gaidaace law to .-mplement
th coto omma nds, we will xiaimi.Zing the following

performance iadex:

J= x (r.) W() x(n) + ur (k) 2(k) u(k) (3.1)

*so

where x (N) is the f inal smat e at t=ri

As we want to minimize the final miss distance,t1-he

weighting matrix W(N) is taken. as

/ 0 0 0 0 0 0
a (3.2)

0 00 0 00 0

0 000 / 000

0 000 0 00 0

0 000 00 0

anr.d Q(k) is a two by two positive defin-Ite symm,:t=:.=

weighti.ng matrix to be chosen.

K..In b-he decivation of the solu=:i, zefersrcs 3 has beer,

followsd kesping in mind that the stata sgua::on has nz

form:

I. z "
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x (k +1)=A(k) x (k) B (k) u (k) *E ;(3.3)

0=.

x (k+1)= f ((k).u(k) g) (3.4)

wher e -:he -third te-rm,whizh represe n-s ~h - effe ct o f the

gr a vit.y has been considered constant.

Considering that the perfcrmancB index is in. ths form:

i=d~ ()L k)x(k ,u(k g()](35

we need to find a sequence of ui(k) that minimizas J.

Adjoin tha system equat ion to J wit1-h a mu2tiplIsr \ (z)

J= (N)] j L (k) [x (k) *u(k) g] + (3.6)

+ ~(k+1) -xxk,~) ] xk1

and definIng a scalar sequancs H (k)

H(k)= L(k) x (k) u (k) ,g]+ (3.7)

r (Ik+1) fU x (k) , a( k) ,gJ

k=0, 1,2,.... n-i1
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one has:

-=xXN) (N) x (N) +* (3.8)

Ar-I

H ) (k) x (k) 3+ H (0)
K1I

Considering differential changes i J:

ddx(N) + (3.9)

.(k Ix (k) +

.:. I¢= I

+ ( du(k) ko) )

• om.'-" H (o)
+ du (0)

J u (0)

choosing the sultiplier X(k) so that

;(k) =0 (3. 10)

thus

:" LIc + (k+ 1)1~k

~x(1c)
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and

-0 (3. 11)

v with boundary condition

x)(3. 12)

we obtain the minimization of the parformanca in ex.

In the present case we hava:

J= x (N) W(N) x(N) + a'(k) . (K) u(k) (3. 13)

S T(k+1) A (k) x (k)+B (kjK u (k) E 3- x(k+ 1)

and H (k):

R (k) =--u (k) (k) u(k) (3. 14)

.% • (k+ 1) A(k) x(kl + 3(k) (k* E g]

then in order to minimize J:

- u (k) Q (k) + (k 1) B(k) =2 (3.15)

32
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or consi dering that 0(k)=Q(k)

T
Q (k) u (k) =-B (k) X(k+ 1)

to] and

(k) N)(3. 16)

(k X(k+1) A(k)

and

T T
A(N) x x(N) V (N) (3. 17)

Notice thtwe are not weighti ag the states i4n the
psrfrmac~'adex, except the last state. oegnrlf~

could bea ob-lained, with ill, states beiag weigthIngi we

change -:he =.qn 3 .16 to:

X(k) )(k+l) A(k) x T(k) W1(k) (3.18)

wher a W (k) is the weightiag matrix of the states.

Wi-th equatlcns 3.15,3.16 and 3.17 one is -able to fini

the sequenca Df a(k) that will give the minima controls.

Such set 3f eqilatics can be solved by the sweep mothod

as in rcef.2

* . We will look for a solution of the form:

u (k)-F (k) x(k) -PG (k) g(k) (3. 19)
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what means that the commanded acc-leration and roll z

will have a correcticn du?3 to the affac- of gravity.

Placing:

--. 4

X(k) S (k) x(k) + SG(k) g(k) (3.20)

from eqn. 3.15

T 1
Q (k) u (k) =-B (k) LS(k+l) x(k+1) 3S (k 1) g(k+1)

from 
eqn. 

3.3

44

-(k) u(k) =-B (k) S(k+1) [A(k) x(k), (3. 21)

+' (k) a (k) E g - Bk) SG(k+l) g(k+l)

so

[Q (k) + BT(k) S(k+l) B(k) u(k):
'4

T T
-B (k) S(k+1) A(k) x(k) - B (k) 3(k+1) E g(k)-

'4

-B (k) SG(k+1) g(k+1)

considering that g is a constant

-I

u(k) (k) B k )  S(k+1) B (k) (3.22)
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[BT(k) S (k+.I A (k) 1(K).

+. B[ (k) S (k+ 1) E+B (k) Sg(k+1)] gJ

so:

u (k) =-FP(k) x (k) -FG (k)g

wha3r e

F Q (k * B (k) S (k+ 1) B.k (3. 23)

r

FG LQ(k) +B (k) S(Jc.1) B(k)j (3.2L4)

[B T(k) S (k4.1) E + BrSg (k+1)J

from eqn..3.16 an-I 3. 19

-~X(k)=AT (k) A (k+ 1=A (k) [S(k 1) x(k +1) +SG (k 1) g(k+ 1)]

=A' k S (k+ 1 A (k) x (k) + AT (k) S (k+ 1) B (k) u (k)

4Ar (k) S (k +l1 Eg + A T(k) SG(k+1) g(k+1)

from eqn. 3.19

1. 1T
X(k) =A (k) S(k+l) A(k) x(k) + A (kc) S(k4.1) 3(k).

[-Fk)x(k) - FG(k) g] + A (k) S(k+l) Eg+

+A S3 (k) g (k+1)

so, as gis a constant:
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Ar. -VL

- A (k) S(k+1) E -A (k+1) 8(k) FG(k)

+ A (k) SG(k+1) g
~thus

.. '

S (k)=A (k)S(k.1)k(k)-A (k)S(k+1)B(k)F(k) (3. 25)

and

SG (k)=A (k) S (k 1) E-A (k) S (k+1) B(ki F G(k) (3.26)

+ (k) SG(k 1)

These equations, 3.25, 3.26, 3.23 and 3.24 can be solved

backwards with the final condition:

S (3)-W (N)

SG (N) =0

Nctica that this satisfies our previous boundary condi-

tion in eqn. 3. 17 where:

(3) = W(N) x (N)

S (N) x (N) =W (N) x (N)

so

S (N) =W (N)

B. EXTENTION OF THE MODEL FOR LARGE ROLL ANGLES

Up -o this point, one has to take into account tha-

throughout the d.velcpment of this wozk,the angl z has been
considered small, it -s necessary t .)lax :his res::iction.
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In order to do that, the system has been broker, i. two

blocks as in figure 3.1.
The first block is a representation of the algorihm

which will calculate the optimal comzands. The algorithm has

contain with itself an exact model of the system or missile.
The model of the missile is initialized from thp information

on the initial states, the initial input command Aco and

" initial roll angle (at t=0 ) and computes th? optimal qains
and further thq optimal commands which will be feed to the

missile1.

The method adopted in computing the optimal commands is

more easily understood if one consilers figure 3.2.

In figure 3.2, the lines numbered as 0 in the graph for

Ac and for Pc are the optimal commands for a given initial

roll angle(Ao). Lines number 1 are the commands for a second

initial roll angle( ,) larger thano, and so on. Thus in

figure 3.2 one has a family of optimal commands for any

initial roll angle.

Notice that the upper line of the graph of Ac represents

the accelerations of a missile whizh had at t=0 a correc-

initial roll angle in order to hit the target with no

comands in roll rate.

In the present method the computer performs the calcula-

tion of the commands only for the firs- step of time and

then feeds these commands to the aissile. The missile is

then driven to the next state (x(k 1I) and fed-backs to the

computer the information on the roll angle at that step. The

roll angle fed-backs from the miss le is considered by -he

algoritm as the initial roll angle at t=0 and the n ext

commands are calculated. Notice that at this second step the

algorithm will feed to the system the second command(at

t=t, ). This process is them repeated until - is equal to

the int.rcepted time.
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It is important to realize that with this methcd of

calculation, since the algorithm was developed wi-h ths
assumption of small roll excursions soma error is expected

due to the fact that in oomputing the gains by solving a

Ricatti equation backwards,as has been done,it is necessary

to update the system from t=O to t=ri at Bach step, and in

this process the roll angle is not small.Notice however that

we are applying the commands only in one step,and if one

expects that the roll rate will dezrease to zero,as we are

increasing in time, the variation of the roll angle will

tend to decraase,so,we can expec-ted that the error will

decrease as the time increases.

Another important point tc be studied is how ths missile

itself (second block in fig.3.2 ) has to be implemented in

order to be valid for small and large roll excursions.

It is considered -hat one has ".he pe.rfect knowledge of

thea commands, thus the missile is modeled as a state vari-

able system as in eqn 2.26 with the initial roll angle being

update at each step. In this way th- system will -ak;: the

initial roll angle as the summatioa of all previcus initial

roll angles. (see fig 3.U)
From the original variables one has for the state ,

the follcwing:

A )...1((k)+ Pc(k) T (3. 27)

which is shcw in figg. 3.3, where the initi2 r-311 angle is

keD constant and AO is apdate each stzp.

Notice however that considering large roll excursions

(see fig. 3.4) and keeping in mind that the angle $ has
been defined as

~ ~ 38ji7'
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the expression 3.27 is not valid, since .n ,clelina :1'.=.

system it was assumed that would be samll.

This leads to a change in the axpression foc the varia-

tion of 4 as in fig. 3.4. In fig. 3.4, the angle is

update at each step, so one has:

k+l) Pc(k) T (3.28)

By consideration of the equation 2.27 it can be seen

that by setting the element A(7,7) to zero, one can obtaim

equation 3.28.

Thus the missile mode! for lar g -3ll excursions will be

represented by the fcllowing equatior,.

x (kW)= A (k) x (k)+ B(k) u (k) + 2 g

where

.. / r A, 0 0 0 A,,, (3.29)

A-a's 0 0 0 A1,

0 0 0 0 0
.1'A

Ati) = 0 0 0 / r A . A ,

0 o 0 0 A A,6 A,,

0 0 0 0 0 0 0

0 0 0 0 0 0 ,.
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whare A( 7 ,7)=O ,for large roll excursi:ns

A (7,7)=l ,for small roll excursions

TZAc cos~~

r savn Ac cos)6

• v'..(3.30)

TZ T3A,'-.~ ~ 0 3 -co. Ac sin.

T Cos$Ja-i Ac SmA~

0 0

o -

V. 0
0

0

T z (3.31)

- cos 9

0

0

We will r~define the states r, , as -.he relative posi-
@1tion, x, as -he relative velocity in the Y direction and x8

as the target acceleration in Y di.rec-ion. The states x4 ,

x, and x has the same meaning, b t in the Z irection and

Am.,...--..-



x, is'. In this represqntation of the system, x, (k) is

equal to the component of the miss distance along the Y

direction and:

X, (k 1}= y, k 1)= y,(k) + , (k) T + (3.32)

o2r

+ -r sinA Ac(k)+ -ar ck3 cs k

The first three terms in the RHS of eqn.3.32, a:e easily

s een as the contribuition to the miss distance of respec-

tively the previous miss distance, relative velocity and

target acceleration. The following two t.rms represents ths

* . contribui:icn, of the commanded a=r:l.ration an. -hs last

term represents the effect of couplad Ac and Pc, and tends

to be small due -to the cuba of the saaple period.

For the component of miss distance in the Z direction,

one has:

x4 (k+1)= z.(k+1)= z,(k) z (k) Ti.

+[r)T-,2(1- e Atz(k)+ -- Ac(k) sn A k)

T z  T3  T19
cos/ Ac(k)+ __- Ac(k1 sinio Pc(k) - ccsg

where i-s terms have the same physical meaning as in th-

ext:ession for x (k+1), with the effect of thz gravity added
to the expression.

Since one can notice that in tae representation of the

miss distance in Y direction appear two terms as a function

Cf cos A and in the representactioa of the miss dis-anc3

in Z direction appear two terms as function of sin , i s
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interesting to verify that the fourth term in the _HS of

bcth expressions acts like a corraztion for the fif'-y term.

Refering to fig. 3.4b, one can see that at any step of zims,

the commanded acceleration is actually,

Ac ccsA0.-AAc

and considering small angles:

AAC= AC COSA Ac Cos (A +

= Ac cos4 cos 6 sinAs n -

= Ac sin~e [cstsd~snfj

The same idea can be applied to the expression for

x (k+1).

"The terms xa and x , rpresen: the relative veloci:y,

and are:

-2 (k+1)= y,(k) * G (1- ) Aty(k) + Ac(k) cosc T

+ Ac(k) sin)6 T + -- Ac(k) cosX Pc(k)
2

Sx (k+1) =!i,(k) + 6 (1-/'8 ) Atz(k) 4 Ac(k) sin6 T-

., - Ac(k) ccs A T + -2- Ac(k) sinA Pc(k) - T CosB g

Where the two first terms in the RHS represents the effec-:

of the velocity and acceleration at a previous step, and the
cher three terms has --he same meaning as previ-usly state!.

The terms x. and x& are the target accelerations, in

this model being expcnentially decaying.

1. Effects on the Miss Dis:anc. of the 2x_--nticn of the

model

In previous subseztior, a a-tia-nion of the model for

large roll excurssions has been performed. Notice t;-t there

are two models of the system being used. rhe first one, used

42
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in the algorithm is valid only for samll roll excursions,

and a second model, valid for small and large roll :xu:-

sions used as a representation of the missile.

The algorithm with the first model, as exzlained

before, is initialized at each step with the actual roll

angle of the missil, and performs the calculation of the

comands.

In order to check the effect of the extention of the

model on the miss distanc-, one cin define a ideal initial

roll anale( oIodA, ), as the roll angle at t=O in order to

have the comanded acceleration vector pointing to the

projected fiaal target's position. This means 'hat the

missile would not have to roll to hit the target (see

fig3.5 ), thus the commanded roll rate calculated by the

al;orithm will be equal to zero. This implies that from that

point ahead, the roll angle is consta- and equal
to 'o,,de, , and that the time history of the control Ac will

be a straight line.

The fact that the roll angla will tend to this lim":
dese.rves an investigation. Notice -ha:, as show in fig. 3.2,

at the moment the missile reachs its maximum roll angle, -h _

control Ac will be the required acceleration to hit the_~ _ /nital rol)l angle was ,,,
target if the missile inia This

means that -he contrcl Ac computed would be correct nly if
the missile would have turned immediatly to this angle.

For very small angles, the previous comment would be

acaeptable, but In a normal situation, as showed in
figure3.5, the missile will only reach the idaal initial

roll angle after some time, and due :o th. vertical ccmpo-
.en- of the accelration, when -his occurs th- missile would

be "n a position abcve the ideal trajectory, which means

that it would follow a coarse parallel to the ideal -rajec-

tory to intercept.
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One can see that such problem will lead to a la:gs

miss distance, in the case that the target acceleration it
is not small. Thus, some correction is necessary in order to

. imprcve the missile performance.

Figure 3.5b shows the missil at some point of its
%- trajectory where it has reach Its maximum roll angle, thus

it is at a parallel course with its ideal trajectory to

intercept. &t this point, since ill the states are known,

it is possible to recompute a new . So, if at this
point the computer is feed with with the states at this

point it will compute the commands in order to drive the

missil to the neCw O,,eI , which will introduce the desired

correction. Notice that such correction can be made during

all the flight, from t=O, to t=Ti.

In the present work this mshod has been accom-

plished by feeding-back to the computer the roll angle and

all the states of the missile. Wirh this information the

compute: is able to perform the calz-ulition of the corrected

commands at each step of time. howaveras -he states are
being updated, it is also necessary to updats_ -he time to

intercept, which has been done --sing the time to gc to

intercept, or:

Ti(k) Ti- k T

where Ti is the nominal time to intercept.

C. SIBULATION

In order to keep the same assumptions as refsrence 1,

the matrix Q (weighting the cont:ol) has been put as

suggested in such reference or:

L44
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b. 0 (3.33)

with

bi =5.78 103

b,=5.0 meters

Five diffarent cases were run:

case 0, tested with one simple model valid only for

small roll angles begins with missil and target on parallel

courses to the inertial x axis, the t rge- 100 meters above
the missile and with an evasive manoevar Bxponentially

decaying with time constant of 2) seconds. rhe inItial

acceleration 3f target was -.5 g's in y direaction, (.-ae fig.

3.6)

Case 1, with the same scenarios as case 0, but was run

using the algorithm for large roll e.cursions.

- Case 2,is the same scenario as in case 1, except that

the initial acceleration of target was -1.0 g's in -he y

direction. (Same as case 1 in ref. lo

Case 3, the same as case2,with target accel-raticn of -4

g's. ( Same as case 2 in the reference 1)

Case 4,same as case 3 but with target at initial posi-

tion 600 meters bellow the missile. (Same as case 3 in refer-
--- =.nce. 1.)

D. COMMENTS IND CONCLUSIONS

1. .= Sul s

In case 0, the missile bagins its trajectory

commanding 26.5 m/sec 2  and the time history of I h control

AC follows exactly a straight line in the form suggested in

45
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ref. 1, as seen in fig.3.7The coa.rol Pc, beginirng at .35

rad per second, is decaying and caachs zero at k=80 (see

fig.3.8). Figures 3.9 and 3.10 show the miss distance, where

one can see that the missile is crossing the target with a

CG-to-CG distance of 1.5 meters.

Pigur93. 11, shows the tiue his-ory for the roll

• angle, which as expect, reachs a constant value, with the

missile crossing target at t=Ti, with a bank of .44 radians.

In case 1,which was run with the model for large

roll excursions, the missile kept the same Aco, but there is

a very small increase in further commanded acceleration in

order to correct the effect of the roll angle on the

vertical component of the control Ac, as seen in fig.3. 12,

and table I.

Figure 3.13 shows that ts.a roll rat. decreases

almost as before, and the final roll angle is .42 rds, as

shown in fig.3.15 and table I. Refering to figure 3.14 there

is a change in the final miss distance, which is better than

case 0, due to a improvement in its Z component (see table

I) . This results in a fina2 CG-to-C: miss distance of .65

meters.

In cass 2, the missile has the same Ac at -0, but

with the correcction for roll angle being increased due to

the increase of target acceleration (see fig.3.16), thq
commandsd Ac reachs a larger peak val.

The initial value of the co)mandad roll rate is .69

radians, which is larger than case 1, due to the increase in

the target acceleration. In figure 3.18, -here is no

noticeable change in the shape of the curve for Z directicn,

and in the Y direction the final distance is about the same

as in case 1. Tne CG-to-C3 distanta at t=Ti is .73 meters.

The larger roLl rate leads to larger roll angles as seen in
fig. 3.19, where the final roll angle is .72 radians.
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The effect of target acceleration can be easily seen

in case 3, where one can see that with the same Aco, the

accelerations are largelly increased from this point, and

-' the missil begins its trajectory with very high roll

rate(see figures 3.20 and3.21). Thera is a change in the Z

* component of the miss distance, tha- decreases its final

value to .05 meters, but now the aiss distarnce in Y direc-

tion is made worse as shown in figure 3.22, which leads to a

final CG-to-C3 distance of 1.5 meters. In fig.3.23 one can

see that the missile crosses the target with a bank angle of

1.26 radians.

In case 4, due to the position of target 600 meters
* .. "under the missile, the initial commanded acceleration is

negative and reachs the limit of -2 g's. The initial roll

rate begins at a smaller value than in case 3 but increases

during the initial part of the flight reaching its peak

value at 1.75 seconds when again is in the previous cases
begins to decay. As the missile baaks tc roll angles larger

than 90 degrees, the acceleration goes to positive values,

as seen in figures 3.24 and 3.25 Figure 3.26, shows the

worse case among these in respect to the miss distance,

mai nly in the Z direction, and in the final cg-to-cg

distance, which is equal to 4.43 meters. Also the final

roll angle of 3.0 radians Is the largest among all these

cases, as seen in fig. 3.27.

2. Comments

Defining the projected zaco effort miss distance

(ZEn) as the aiss distance -he missile cross the target with

no commands. It can be calculated it "=0 as the initial

distance between target and missile plus the miss distance

due to the gravity or:

4&7
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Z = z (0) + "-g tz (3.34)

which is equal in all the three first cases.

In the first three cases,the initial missile's

commanded acceleraticn is the same as seen in tablz 3.1.
Considering that the control Ac aacessary to correct the

initial miss distance can be calculated as:

c -- = 26.7 (3. 35)
~ Til

which is close to the initial control Ac.

This suggests that the ini.ial Ac, would be that one
necessary tc correct the initial ZEM in Z direction, which

agrees with reference 1. Notice howaver that in all cases
the initial Ac is less than the :alculate9d value of Aco,
which agrees with the previous statzmen -that som error was

expected in the initial part of the :omoutations.

Considering the ideal initial roll angle as defin.d

before, one has:

ideal tan-' [ - J (3.36)

From table I, and figures showing roll angles, it

can be verified that the missile is banking to rach angles

larger than Aida , in :rder to correct its trajec-ory to
hit the target.

Therefors,in all cases, the missile begins its
trajectory with an Aco (discussed bef3=e), and a roll ratz
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which is proportional to the target acceleration in 4hs Y

direction. As the missile rolls it decreasing roll rates,

the ccmmanded acceleration is changed in order for tc

compensate the effect of the roll iangle on its Z direction

component.At Some time when the control Pc is zero or near

zero, the control Ac begins to follow a linear law, as

suggested in eqn. 2.7:

Ac= Aco i- J
Notice however that the term Aco in th.s eqDu-:ion is no more

the actual initial ccmmanded acceleration, but that one the

missile would have if its initial roll angle was equal to

the final

Such behavior defines a boundary in the ccntrol Ac

which is clearly seen in 3.29, where the commanded accelera-

tion is bounded by the curve of th- control Ac the missile
would have if its initial was equal to o, ,1 (or, if no

commanded roll was necessary to reach the target)
Althoug the missile commands roll angles larger than

the ideal initial rcll angle, it is possibl . to do a

prediction- with no no computer work- of an aproximatior. for

the maximum acceleration the missile would experiance during

its fligth, as following(see fig. 3.32):

jcZ (3. 37)

where Aw., cames from eqn.3.50, and Ac is a streiht !inq

as in fig 3.32.

Other interesting point is that the missile is

commanding -o reach roll angles about twice of , when

the target is at small aacelaratins, and when at large

49

-'-' "" " " " ." " " . * ," "- -" .".', oi ".\' ." ", .-. - . .. . . . - - - . -, -.. .. -



I ... . - -. 1 . . . . . -; -1 W -7 77 W-.. ._.. .

accelerations, the missile is making a small correc-icn on

its roll angle, as shown in table I.

One can see from the figures showing miss distance,
that the relative position of missile to target Is about the

same in all three initial cases. rhus, the new 9,,I at

each point is the same. As the A idea I computed at t=O is

smaller when the target is at small accelerations, the

correction has to be larger in order -o hit --he target, as

seen in figure 3.30.

In table I, one can see the final miss distances,

the final miss distance cg to cg and the final roll angle.

Such results show that with this ligitalized nodel, good

results has been obtained.

.'

V
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< Z CASE 1 target acceleration -.5 g

200

100 target nftfel pm.ton- CASE I

,I'-1 00tealle tnittal poetton

-200

.target 
acceleration - g

-'100 twget tnttia1 position- CASE 2 and 3

I Y mssilo inti positton-CASE 2,3 and 4

.. -.100I'+'I
-200 case 3 and 4

I..-. target acceleration -4 g

' * 1 -300

I 
'-400

-I -Io
-600

" I -600 target Inti.al IDosttton - CASE 4

.? Figure 3.6 Scenarios for Simulation.
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3RD CASE
INITIAL TARGET ACCELERATION- -4. G

INITIAL TARGET POSITION-IO M
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Figure 3.23 Roll Angla- Case 3.
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4TH CA5E
INITIRL TARGET ACCELERTION- -4. G
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-- 4TH CASE
INITIAL TARGET RCCELERATION- -4. G

INITIAL TARGET POSITION--600 M
". -- SAMPLE PERIOM-O.05 5EC
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:::.: 4TH CAqSE

INITI1L TARGET ACCELERATION- -4. G
INITIAL TARGET POSITION-600 M
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I 1INITIAL TARGET ACCELERATION- -4l. G

INITIAL TARGET POSITION-SOD M

-- SAMHPLE PERIOO.05 SEC

..... ... 4 ...I I

I a I

-I - - ---I~ I - .... ",.. . ... " ,*... [,..... "......", ... ,....,...., ... I

i° •I I a S 4 a a

I III
4 I a 9 4 a a 4 I

- - - - I - -

L ---- L--- 1--- _

* I I I a
"a a a a ' a a

,r , ---j~ --- : ---- I--,...

* a I I 4 I 4 S

.....----..-- ...... - -..

Z I. a 1 -,PM4a '

I a' a'

* a: a a

a .. . . a . ."- . . 4.- 1. .: a. . .. .. .. .. . a .. . ,.. . .- . .

0. a0. 0 a1. 400 M. 50. 7 A a00' 1. O

Fiue3.7 anle Cas a4.

. . :: o a a a a a

O a I

I ., ', a a " ,

.- a
*I a , 0 4 a •

-- , II a' a' a a a a " -

a a 11 a a I . aI

"," - I-, , , a a , , ;
I': a 'l'''

_a_ a a a 4 a 4

0;.- .01 .0 ,o ,o0 40.0 10.0 WaDo 70.0 Uo.o l .oa l O

.% .. ..

!ffigure 3.27 Roli AngLe- Case 4.

• ..-. 77

o-r

* *? " - .*. . . - * a



- 7- -

Ick Ac( 0)

* ~* IX() ~ ()

I
Figur 3.2 Iorca Ioe

is.7.

-Av



H'' °' ' " ' ' ' , 
- ' . 

. - . . Z -- ;.- " .-. *' -- * - - ; . *

,* I I1

I **

I I

... .............................. ,... ,....... ....... ,.......U 4 I 4 I 4 I 4

4 I I
-I II I 4 I 4 4

4I4 I I I I 4

* 4 I - j
O) 1 e I

I I0 g 4 4I I I 4 I

LJ--- .. . ., ....... ...... -- -- .... -- -- ...... 6 ...... 6 ------ L ------Boundary' of
4 I 4 I 4 I

I 4 4 l 4 4

I I I I
S !I 4 I

.| I 4 I I I

o* I" 4N , ,' --------

....... .... ... .;... ' " ... A el ratto "[...!

,-. U): I %. 4 / ; , I
I 4 4I

Aw ------ L ------ . ...... U ...... - - 6..... * ...... , . -.......

I I

Ion ---- - ------ -- -- ------ -- -- ------ -- -- .. .. . . . . . . ------ .. .. -- -- .. ..

,. .. ..,1: ---. ... , ,, .,,. .. I , ...*0,. ...r ...0i!, .

C!!

Figure 3.29 Boundary of the Coamanded kcceleration.

7 9 I.

I 4 4
'- , b., , q. ,' ,, - - - -- - - - - - - - - - - - - --. - --"- -"- - - --"""- -"-,-".- --,-,-.-,- -.- --"" --- .'-,..''2'.-'"• .- "." ...". " "



-4 z i

correction

-INI

-y I
Fig. 3.30 a Large target accelerattons

p.."" I

"4 I I

"I I

z
correction

I ",, ". Ot.1

e--y

Fig. 3.30 b Small target accelerations

Figure 3.30 Corrections on the Roll Angle.

80

%1-P



C;~i t) 0 LC) 0 CO) 0D IAf)

-4 C', 0Y CD t
CN 0. * 0 1

C;. LC 0D *~ 4= Lcl 0 v% 0

I - -- --

0- IC) C#)a 0 I) 0 0o~ F* 0D IC) 0 0 0 .0
paI LO- OE & 1 4 .*

nto CJ o '
(D V1 0# cr% *l 6C to f * **

0 1.1 fJ3. mcr L
to tof z mO

I '-m

a cm Io



- - . , .
: 

- - . .- -- . = . . - . . . b . . -. , ,

IV. AN L SS OF GAINS §gSPLE Ra&TE AND PITCH ANGLE

-'0- A. ANALISYS OF THE GAINS

.21In chapter 3 has been developed a solution for -he

optimal ccntrol of a system as:

x(k+1)= A(k) x(k)+ B(k) u (k)+ E g

It would be interesting -o check if the optimal gains

reach steady state,but at the momeat that the ezrentLon for

larae roll excursions has been introduced, and the system is

being feed with optimal commands which are varying each step

of time, such idea can not be applyed. However one can do

such chsck in the model for small roll excursions, which is

acc-.ual2.y used to compute the optimal commands.

-" Doing this, one has the time hi. story of those gains as

in . and 4.2

One can n:tic in fig. 4,1 that ths gain FG(2,1) associ-
a.-ed wit the effect of gravity has no effect on the

ccmanded roll rate, and that F (1,1), as shown in fig. 4.2,

has a large affect on the zommanded accelerat.ion.

- Furthermore, this gain r-achs stealy state very fast, thus

- i- can be assumed that the gain FG will be equal to ths

steady sta-te value during all time.

From eqn. 3. 19, and assuming steady state:

u(k) -F(k) x(k- FG(k) g (4.1)

and substi-utiag g:

%o
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a (k)= -F(k) x(k)- C (4.2)

where the second term in the right hand side is a constan:,

and its value is exactly equal to tie value of the commanded

acceleration necessary at t=O to correct the gravity fall of
the missil (or to correcT the initial ZEM due t) gravity).

* - It might be supposed that one could solve the optimal

control prcblem for the system represe,,ted by eqn. 4.1, Just

o cozsidering one raduced system repr.ssated by:

x (k+1)= A (k) x (k)e B(k) u (k) (4.3)

* wth a bias in -the ccntrol as:

u(k)= -F(k) x(k)+ C (4.4)

But as shewed in the follcwing analysis, this is not

tDossi bl -.

The constant term in the right aanl side of -qn. 4. i

calculated as follows:

4,r-c eqn.:

... i n-tial ZEM due to gravity= ZEM -- g :2

-::: c -- ..-- -- .. .. .

a h2 t6r Cos

and the gains F(k) are zalculated using a Ricatti equation

as usual.
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Case 5 was tested using the above consideraticns, and

r- using the same scenario of case 3.

. Figures i.3 and4.4, show the time history of the

* controls. One can see that the commanded acceleration has

begun at same values as in case 3, but the commanded accel-

eration reachs a peak considerable higher, them dcreases

does not following a linear law, with a final at 14.7 metere

per second sguare, being this tercminal value due to the

constant term representing the effect of the gravity.

* Refering to fig. 4.4, the commanded roll rate begins at

a same value as in case 3, but as the control Ac is too

high, it reachs negative values, going to zero almost at the

end of the running time. This behaviour of the control leads

to a large miss distance as seen in figure 4.5, and tableII.

Figure 4.6 shows the time history of the roll angle,

which rises to values close to 1.5 radians. As the accelera-

tion at this point is larger than the correct value, the the

corrections are excessive and the roll angledecreases at the

end of the running time to the valuB of .12 radians.

Thus, one can see that the gain due to the gravity's

acceleration can not be replacel by its steady state

value.This kind of simplification can thus not be done in

the sys-em being studied.

B. EFFECT OF THE SABPLE RATE

Thrcughcut all the simulatios a sample period of .05

seconds has been used.In this section a brief study of the
effect of the change of this sample rate 4s given.

Two- -best c.ases have been selected to ilustrate the

effect of the sample period.

The first case, case 6, has been run with a sample

period of .1 seconds and consits 3f the same scenario as

case 3.

8A
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As one can see in figure-4.7 anl tiDlalIII, there is no

noticable change in the commanded acceleration, but the

commanded rcll rate begins at smallar value thin in case 3,

as is seen in fig.4.8 Thi3 initial decrease in roll ra-e,

leals to a large miss distance in y direction as shown in

fig.4.9, and to a small value of roll angle (see fig.4. 10).

The second case, case 7,has a saple period of 0.025

seconds. There is no noticeable cdange in the time history
of the control Ac as shown in faig.4.11. The commanded roll

rate begins at a higher value than in case 3 -s shows fig.
4.12, which leads to a final miss distance in Y direction of

.- 2.22 meters and in Z direction smaller than case 6 (see

fig4 .13). Figure4. 14 shows that the final roll angle is

- - increased and the missile cross the target with 1.28 radians

and with a CG-to-CG distance of 2.5 meters.

In both cases, the miss distanze was increased over the

nominal value obtained with a sampling rate of 0.05 seconds.

Thus, it would appear that there is an optimal value for the

sampling rate, which may be conected with the geometry of

the scenario and with time to go.

C. EFFECT OF THE INITIAL PITCH ANGLE".

It is Important at this sTep to remenber that througout;. U
this work has we have been discussing a dimensional model,

where there is no information on the X coordinate, so it is

-; impossible to verify the behavior of the pitch angla.
In -his work, since in all the previous scenarios the

initial angle G was equal to zero, this value has been kept
as a constant during all time, and considering that whimhout

any information of a thirl dimension it was not possible to

correct the time to intercept, this time was also kept

constan- and equal to the nominal value- of 5 seconds.
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Notice that this assumption is likely to be correct if

one has the horizontal i.4.tial listance from target to

missile compared with the initial vertical distance between

target and missile large enough in order to have

small angles.

The question that rises is, how could this pitch angle

affect the system if it was nct small?

As seen in fig.4.15, the missile velocity in the X

direction would be:

VM= V, cosS + g cose sine t (4.5)

which has an effect not only from the pitch angle, repre-

sented by the cos e , but also from the gravity's accelera-
tion, which will leads to a different -ime to intercept.

Conside-ing the same physical scenario as in case 4, but

changing the initial pitch angle, in order to have the
" missile pointing to the target (see fig.4.16), and keeping

the missiles velocity of 1000 m/sac in the X direction, one

has a ccmpletly different geometry of the problem as seen

from the flight path reference frame.

With this new situation (see fig. 4. 16), case 8 has been
run. Figures 4.17 and 4.18 show that- now the missile is
comanding large positive acccelerations, and the roll rate at

the begining of the flight is too high, going to zero in a

very small p-riod of time. The miss distance as se.n in
fig.4.19 are increased in the initial par- of the fUigth and

as the missile corrects its trejectory it is decreased to

rsach a final CG-to-CG miss distance of 2.17 m. The roll

angle, due to the large control Pc Is oscilatory In the

begining and becames constant with a value of .57 radians

(see fig.4.20 and tabl . IV)
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Notice that the high values of acceleration needed are

in som - part due to a vertical component f target's

velocity, which is seen from the flight path frame as the

target was manouvering ia the Z direction with constant

- velocity. These large accelerations leads to roll rates too

[ large for the physical integrity of the missile. This means

that although althoug the good results obtained, if compared

with case 4, they are not practical.

In order to get rid of the vertical manouever of -the

target, case 9 has been run. In this case, the scenario is

the same as before with the targe- also pointing down, with

" the same pitch angle as the missil-, and has a X velocity

equal to the previous case (see fig.4.16).

From fig.4.21, one can see that the decrease in the

control Ac is substantial if compared with case 8, but the

commanded roll rate is still toc large as shows fig.4.22 The

time history of the miss listance is better, resulting in a

final CG-to-CG distance, of abcaz 50% of case 8 (see

fiq.4.23). The roll angle is not oscilatory as seen in
fig..2- and the missile cross the target 4ith 1.3 radians

in roll. (see tableIV).

"""" The results obtained in the two previous cases, suggests

that the algorithm developed in this work could be readly

applied to air-to-surface missiles. in the latter, the

scenario would be favorable to the missile thar. in either

previous cases, since one can consider that the target could

be essencially stationary in comparison wi-h the missile

speed.

Case 10 his been run with this issumption, aad the scen-

ario as in fig. 4. 16. The target is with zero velocity and

- acceleration, and the missile begins its flight 600 meters

_above i with the same initial pith angle as before.

Fig.L.25 shows the time history of th - commanded accel-

-ratio., where one can see that as the.re is no roll rate to
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be commanded, the acceleration is following a straight line

with very resoanable values. The miss distance is show in

figure4.27, which shows the final ZG-to-CG distance of .31

meters.

Based in the results of these tests, one can see that

* there will be some effect of the pitch angle on the miss

distance, not only due to its effect on the time to inter-
cept, but also because at the moment that there is a pitch

angle different from zero, even if the target is keeping its

flight level, in the flight path frame a component of the

target's velocity will show up lealing the missile to

command large accelerations and roll rates. Althoug this

results harm the performance in an air-to-air missile, in

the case of air-to-surface missiles, when the target has

been considered with no motion, good results has been

obtained.

D. EFFECT OF TIME TO INTERCEPT

In the simulation of case I and 2 in chapter 3,it has

been observed that when the target was at small accelera-

tions, the missile did larger corrections on its roll angle,

with respect to the ideal initial roll angle, than when the

target was with large accelerations. One can think that must

be some kind of compromise between the velocity rate of

target and missile (which will reflected on the tim to

intercept), ind the relative position between them, which

will affect the miss distance.

In order to do a brief analisys on this, case 11 and 12

has been run.
In case 11, the scenario of case 2 has been kept, with

the exception that the missile's velocity was change to 2000
m/sec., which aeans that Ti was changad to 2.5 seconds.
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Figure 4. 29 shows that the acleration is larg.ly

increased due to the small time required to correct the ZEM,

and the commanded rcll rate is almost twice of case 2 (see

fig. 4.30). rhe final miss distance is more than four times

the value obtained in case 2, as seen in fig. 4.31 and table

V. The final roll angle is about half as in case 2, since

the projected final position of the target in the Y direc-

tion is less than in case 2 (see fig. 4.32).

Case 12 was run with a scenario less favorable to the

missile, where all the conditions of the previous case was

kept, except the target position that has been increased to

200 meters above the missile.

Now, the commanded acceleration are much larger, with a

initial Aco of 103 m/sec2 , being almost impossible to see

the difference of the time history of the acceleration from

one straight line, as shown in fig. 4.33 The commanded roll

rate is small, about the same as in case 2 (see fig. 4.34).

The change in the miss distance is noticeable, with a final

CG-to-CG distance of 4.8 meters as in table V , and figurs

4.35. The final roll angle explain the shape of the accelezr-

aticn curve, since with the small roll angle as shown in

fig. 4.36, the system is behaving as for small roll excur-

5:ions.

Notice that from this analyzis, oae has to realize that

there is some kind of envelope ,hare the 2-D system is

valid. And in order tc determine this envalope, one has to
take in acccunt not cnly the geometry of the scena::-o, but

also the time to intercept, which is determined no- only by

the relation of velocities of missile and -:argat, but thq

pitch angle too.
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* 5TH CASE
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5TH CA5EIINITIAL TRGET RCCELERMT]ON- -4. G
INITIAL TARGET PO5TION-O0 M

...- SAMRPLE PERIOO=O.05 SEC
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-. I TABLE II

Results from Biased Control

t Ac PC CG-tO-C
(./~c ) rad/ec)Y ift~on Z (ItrectIon

(mS(ina/ec ) (red)

0 26.37 2.76 0.0 100. 0.0 100.

TI 14.47 0.0 13.78 2.00 .119 13.93
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6TH CA5E
I INITIAL TARGET ACCELERATION- -4. G

INITIAL TARGET POSITION-O0 M
SAMPLE PERIOO-O.I0 SEC

,i, ,* - _

-8 .. .... ..
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-- -- - -- - - - --- - -- -- -- --- -- I -- - -

6 rl 6 0 '
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I I I
"'0-" 6 6 6

* 666°

. . . I 6 O ,66
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j" " 6 6i 66
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' ----- - -I I
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6K
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I . ... l6 66

Figure 4 .7 Commanded &ccaleration-Case 6.
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F 6TH CASE
I INITIAL TARGET ACCELERTION- -4. G

INITIAL TARGET POSITION-100 M4 I

* SAMPLE PERIO0-.0 SEC I
.... . . ... r-------------r-----I

I I I I

NI I I II

I I Ii I

m a I , @

,Io
I I I I I --

III I I
I II ' I

I III

L ---L-------'---

I, III
I II I

IIIII I I

I I

IIII I I'I

L I I I i i I I - - -
j I I I I I I I

I mq.
I I I I I I I I

~LM

I IiiI I I

L - -- -- I-- ---

-- --- -, .

,8 . . . .....d-- --------- ---- ----

I I I I I Ir

[] I I I I I I I I I
N I

' I

0.0 5.0 10. ii.0 -2-o.a--- 2s.-h-b - .o--4.a--- = -b. I

I !

Fiue . Comne Rol Rt-Cae6

Si I i i I I i I

* I I o I I I I I

I r I I I I,! I

I ... . rI

_ _ _ _ _ _
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6TH CASE
INITIAL TARGET ACCELERATION- -4. G

I INITIAL TARGET POSITION-10 M
___ __ SAMPLE PERIOD-O.1 SECI It

0 1212

- a0 13

----- ------- - L _ ---- - L L ------ L ------ I -------

EI - - -- - -- - - L - - - - - - - - - - I -- - - - - - - - - -L - - -

, , :0,.0 0,

II I.,0 

s

LL]O , o 0 0 
0, ,

a aa- b aa

3.0 I 0 W

I L a -

a a I

- - - -- I - - a
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I a

Figure 4.9 Miss Disl*ancs-Case 6.
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I. 6Th CASE
INITIAl TARGET ACCELERAT'ION- -1I. 6

iNITIAL TARGET POSITION-!.00 (
f SAMPLEI PERIOO"O.05 SEC
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7TH CASE I
I INITIAL TARGET HCCELERATION- -4. G

INITIAL TARGET POSITION-IOO M I
51PMPLE PERIOD-O.025 SEC
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7TH CASE
INITIAL TARGET ACCELERATION- -4. G

INITIAL TARGET POSITION-10 M
SAMPLE PERIOD-O.025 SEC
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7TH CASE
INITIAL TARGET ACCELERATION- -4. G

INITIAL TARGET POSITION-I0O M
SAMPLE PERIOO-O.025 SEC

a I
- .. i - i- -------- -

--------------- j---~-------- -- L ------ I-------- ------------------
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Figure 4.13 Miss distiaca-Case 7.
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77]H CASE I

INITIL TARGET ACCELERATION- -4. G

,I INITIAL TARGET POSTION-I00 M
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OTH kroASE
INITIAL TARGET ACCELERATION- -4. G
INITIAL TARGET POSITION-GOG M

R ---- .. ------ I ... I - .I .......

3. -------------- A E PR O---------- --- ---

I a--------- -- ------ - - - --- -- - ---

I S I I4 . 76. e6. SO S~ .

1. 16. 26. 3. 4. a00(.

MIS DIT Y IETO

91 j Figure .17- - mman edL- - - -e at-- --- £ - 8

I -- ~~ - - - - - - - - - - - - - - - - - - -



. T IIE

"" INITIRL TPIRGET PICCELEIRFTI0N- -4.
I INITIML TARGET POSITION--600 M

"" SAMPLE PERIOD-O.05 .e'!,
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V. ~__S _;sLI2__ ID CORMEITS

The scope of the present work was the development of an
optimal digital control to be applied on a bank-to turn

missile.

A two dimensional model, as sug.stad in reference 1, was
adopted. After the digitalization of the continuous model it
was necessary to solve a modified Ricatti equation since in

the state equation there was a third term representing the
gravity's effect. The approach that has been adopted is new,

and although good results were obtained for the scenarios
considered in this work, is necessary that the algorithm be

further tes:ed and evaluated in similar problems due to its

-0 novelty.

The optimal was solved with ia initial restriction to

small angles. This condition was late: relaxed so that largs

roll angles could be analyzed.
It is dificult to compare the pr-sent work with previous

rsults since Stallard has indicated a mistake in his orig-
inal paper, and further works in this area was act found.

However some comparison with Stallard work is possible.

The commanded acceleration of the missile are such as to

correct the ZEM at each point, this agrees with that refer-

ence. There is a proporti onal rsl a-ionship between the

commanded roll rate and the command.ed acceleration , and the
commanded rcll rate is proportional to the defined $,a, / at

each point, which again agrees with reference 1.

The algorithm d.velopel in this work requires ex-ensive

computa-tion at each step, and is clear :hat some softwara

opt'imization will be needed.The motivation for cons"iering
th- constant steady-statea gain due to gravity was to

decrease this computational burden. rhis approach however
'esulted in unacceptable miss distance.

""i
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Another point of investigation that could reflect or. ths

* period available to the computer to perform its calculations

was a change in the sample rate. rio different sample rates

were investigated, both lead to larger errors than the

nominal period of .05 seconds. A detailed study cn this

issue is left as sugestion for future works, since some

optimal value of the sampling rate is clearly indicated.
It is important to keep in mind that the model adopted

is two dimentinal, while the actual problem is thre;, diman-
sional, thus some brief studies were conducted in order tc

check the region of validity of the 2-0.

In the analysis of the pitch angle, one car see that is

necessary to have small variations in pitch in order to
aDproximate i as a constant. However, at the moment that

s angle is different from zero, as explained in chapter

., it is possible to have in the flight path refen a

a target manouver In the Z direction that will lead to large

acceleration commands, leading the missile to larqe miss

distancss, when considering a movable target. When the
present system was tested tested against fixed targets, the

results were guite good, this suggests the application of

the model in air-to-surface m.ssiles.

Further investigation were made on the effect of time-
*.. to-go. As expected, decreased ti me to go, results in

increased miss distance. A de-ilzd analysis of more

complex scenarios is needed in order to properly define the

effect of time to go.
Also, it would be interesting to extend -he model to

-h=e dimensions and include the affects of lags on the
system in future works. Finally, in appendix A, the

compute: model used in this work is enzlosed. So me improve.-
ments in this program can be done, mainly in the data intro-
duation, and in some optimization of the running time.
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FORTRAN PROGRAM

These appendix provides a listing of the computer

program used in the present study.

Since the routines used are non-IMSL, and a 3mall change

to double-pracision vas necessary, they are also being

providedl.
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